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Abstract
Bounded Hilbert space x-representations are studied for a g-analogue of the
x-algebra Pol(Mat, ) of polynomials on the space Mat, , of complex 2 x 2
matrices.
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1. Introduction

The study of g-analogues of the Cartan domains (irreducible bounded symmetric domains)
was initiated by Sinel’shchikov and Vaksman in [SV]. In particular, for each Cartan
domain they defined the *-algebra Pol(g_;),, a g-analogue of the polynomial algebra on the
prehomogeneous vector space g_1, and set a problem on investigation of their representations.
The theory of representations of the x-algebras corresponding to domains of rank 1 is well
understood. In this paper our purpose is to study such representations for one of the popular
Cartan domains of rank 2, the matrix ball in the space Mat, » of complex 2 x 2 matrices.
Following [SSV] we will denote this x-algebra by Pol(Mat, ,),. A description of Pol(Mat,, ,,),,
m, n € N, in terms of generators and relations is given in [SSV]. In this paper we classify
all irreducible representations of Pol(Mat, ), by bounded operators on a Hilbert space. The
method which we use here is based on the study of a dynamical system arising on a spectrum
of a commutative *-subalgebra of Pol(Mat, ,), (see [OS]). Note that the *-algebra also has
unbounded *-representation. One can easily define a ‘well behaved’ class of such unbounded
representations and classify them up to unitary equivalence using the same technique. Finally
we determine those representations of Pol(Mat, ,), which are induced by representations of
the *-algebra Pol(S(U)),, a g-analogue of the polynomial algebra on the Shilov boundary.
The last algebra was introduced in [V].

In this paper we use the following standard notations: R is the set of real numbers, R*
is the set of non-negative real numbers, Z denotes the set of integers, Z* = {0,1,2,...},
N={1,2,...}.
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2. The *-algebra Pol(Mat, ,), and its x-representations

Letq € (0, 1). The x-algebra Pol(Mat, ,),, a g-analogue of polynomials on the space Mat,  of
complex 2 x 2 matrices, is given by its generators {z5 },=1,2;¢=1,2 and the following commutation
relations:

1.1 1.1 1.2 2.1

2122 = 424 2% = 28

1.2 2.1 1.2 2.1

2181 = 421¢4 23y = 4233, (1)
1.2 2.1 “1y.2.1 2.2 2.2

212, — 232, = (@ — g9~ )12, 212y = 4233

()21 = @21 @)D" = (1 = g) (@ () + 21 @D +q 2 — 2’5 () + 1 — ¢°
(@) = ¢’ (@) — (1 —¢HB @) +1—¢°

@'z =¢"51@D =1 —gHz5E) +1-¢°
()73 = ¢°5(23) +1 - ¢*
and
(D)2 — qz3(z)D* = (¢ —q N3 ED* (23)"2) = q25(23)"

Ik 2 20 1\% N2 1 2\x 2 2/ 2\*% 3
(Z1) 29 qZ1(Z1) =(q—q )Zz(Zz) (Zz) 29 —qzl(Zz) 3)
@) =23@D* ()7 = 712"

An algebra which is generated by {z{ },=1,2:¢=1,2 and relations (1) will be denoted by C(Mat; »).
This algebra is a g-analogue of the algebra of holomorphic polynomials in the vector space
Matz,z.

Consider a representation 7 of Pol(Mat,,), on a separable Hilbert space H by
bounded operators. The theorem below gives the complete classification of such irreducible
representations up to unitary equivalence.

Theorem 1. Any irreducible representation w is unitarily equivalent to one of the following
Six series:

(1) one-dimensional representations &, ,,

S(ﬂ],tpz(z%) = q_leiwl étﬂlq{ﬂz (Zé) = g:tplasﬂz (Z%) =0 slﬂ],tﬂz (Zg) = ei(pz

4
@i €[0,2m) @
(2) infinite-dimensional representations m, on H = l,(Z")
mp(zi)ek = q'—‘ 1 — g2W+hg,,
mp(Z%)ek = e%e; ”w(zé) = ”w(z%) =0 5)

¢ € [0,27)

(3) infinite-dimensional representations py, , on H = 1,(Z")

Porn(21)ex = —el@r g1 /1 — g%e;

Poren(23)er = €9 g ey

P (@Dex = e e ©6)
Poron@er = /1 — g2 De,

@i €10,2m)
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(4a) infinite-dimensional representations p(:, on H=0L(Z"x7Z"

pyemi = =g~ V1 = g2 D1 — g%ep 4oy
Py(@)emi = g1 — g2 ey

Py EDemi =g en s @)
Py(@)emi = V1 —q>*FDey k)
¢ €10, 2m)

(4b) infinite-dimensional representations ,05 on H=0LZ"x7Z"

premi = —e9q V1 — g2 D1 — g% ey

'0; (2))emr =Yg ens

Pe@Demi = g1 — g2 Vey, (8)
Py (@)emi = V1 —q>* Dey i

¢ €[0,2m)

(5) infinite-dimensional representations p, on H = l,(Z* x Z* x Z*)

pDemik =" ek — a7V (1 — 2D (A — g2 D) (1 — g% epan a1 k-1

0(z)em i = q"V1 —q2m e,

pEDemik =4 V1 —q* ey 1k ©)
p(zemir =V 1 —q*® Ve, 14

¢ €[0,2m)

(6) the infinite-dimensional representation p on H = l,(Z* x Z* x Z* x Z%)

PEDesmik =q""V1— g Vet mi
—q~'V (1 = g2 = g2 D) (1 — ) mar i1 k1
PE)esmik =gV — g2 Deg it ii (10)
pEDesmik =g V1 —q* ey 11k
p@)esmik =1 — g Ve e
Proof. Let us consider a *-subalgebra B of Pol(Mat, ,), which is generated by zé, z%, z%

and (zé)*, (z%)*, (z%)*. Direct computation shows that z;(z%)*, z%(z%)*, z%(z%)* generate a
commutative x-subalgebra of 13 and satisfy the following relations:

@7 = 2 F (2 @D, 2D, 2309 (11)

where (o, @), (8, b) € {(1,2), (2, 1), (2,2)} and

Foi (x1, X2, X3) = (Fyy (X1, X2, X3), Faf (x1, X2, X3), Faz (X1, X2, X3))
= (¢*x1 = (1 = ¢*)(xs = 1), x2, 53)

Fia(x1, X2, x3) = (F3 (x1, X2, x3), F{T (x1, X2, X3), F5(x1, X2, x3))
= (x1,¢%%2 = (1 = ¢H)(x3 = 1), x3)

Fap (x1, X2, X3) = (F3 (x1, X2, X3), F5{(x1, X2, %3), F33 (X1, X2, X3))

= (qle, qzxz, qz(X3 —1+1).
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The functions F,, Fi,, Fas : R? — R3 define an action of Z> on R? with orbits
Qs = {F5) (F (FSS) (x1, X2, X3)))
= @@ 1= (1= ¢") 05 = 1), ¢ (g0 — (1= ¢™) (v = 1)
xqg*(xs — 1) +1),m, 1, k € Z}.

Here and in the following we denote by F the mth iteration of F,, and (F™),,
i = 1,2, 3, the ith coordinate of F"). Let 7 be a *-representation of Pol(Mat, ,), on a Hilbert
space H by bounded operators, let E(-) be the resolution of the identity for the commutative
family A, of the positive operators 7 (z})7(z3)*, w(z2)7 (z3)*, 7 (z3)7 (z3)* and let o, be the
joint spectrum of the family A;.

The next step is to show that any irreducible representation is concentrated on an orbit of
this dynamical system.

Lemma 1. If 7 is an irreducible representation of Pol(Mat, ,), then the spectral measure E(-)
is ergodic with respect to the action of the dynamical system generated by Fy, F12, 2y and
there exists an orbit Qy, , v, such that E(Qy, x, x,) = 1.

Proof. From (11) and the spectral theorem it follows that

E(A)7(z}) = m(z))EF;," (A))

E(A)m(2))" = 7(z)) E(Fpp(A))
for any A € B(R3) (Borel sets). Hence any subset A such that Fégl)(A) C A Fpp(A) CA,
b,8) = (2,1, (1,2), (2, 2), defines a subspace E(A)H which is invariant with respect to
the operators 7(z;,), n(zbﬂ )* for any (b, B) as above. Moreover, such a subspace is invariant
with respect to any operator of the representation . In fact, the following relations hold in
POl(Matz’z)q:

2D 7 =18 ED — (=D (g — ¢ R @) (12)
(a,) = (2,1),(1,2), (2,2), which gives
ER?\ A)m (22 (2))m(z)E(A) = ER? \ A (2D (22 (z)E(A)

—(=D)"*(q — ¢ HE®R’ \ A)m(z)7 (D)7 (23) E(A).
Therefore if A € B(R?) is invariant with respect to all IE‘;E]) and [F,g we obtain

(X EHHER? \ Ar(HEA) = B[R\ A (z)DE(A)7 (2% (z%)*)
and hence
E(AVER? \ A (z)DE(A) = E(R? \ A)m(z))E(A)E(A")

for any A’ € B(R?). Taking A’ = A gives E(R? \ A)n(z})E(A) =0,i.e. n(z})E(A)H C
E(A)H. Similarly, n(z{)*E(A)H C E(A)H. The ergodicity of the measure E(-) follows
immediately; i.e., E(A) = I or O for any Borel A which is invariant with respect to g, IF;;I).

The simplest invariant sets are the orbits of the dynamical system. The next step is to show
that only atomic measures concentrated on an orbit give rise to an irreducible representation
of the *-algebra. It is easily seen that the dynamical system generated by [Fjg is one to one
and possesses a measurable section, i.e. a set T € B(IR?) which intersects any orbit in a single
point. This implies that any ergodic measure is concentrated on a single orbit of the dynamical
system and therefore E(Q2y, x,.x,) = I for some orbit 2, , x,- U

We now clarify which orbits €2, , x, give rise to bounded irreducible representations ,
i.e. 07x € Qy, x,,x;» and classify all such representations up to unitary equivalence.
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We claim first that there is no bounded representation & with o, C €, 1, x, if x3 > 1.
From (11) we have

7(z))Hx € Hr,yeo) 7(z))*H, C Hy (13)

el ()
where H, is the eigenspace for A, corresponding to the eigenvalue x € R3. Since
Yy = (1, Y2, ¥3) € S, x,.x5» Where x3 > 1, which implies that y; > 1 we conclude that
7 (227 (z3)* > 1 and ker 7 (z2) = ker 7(z2)* = {0}. This clearly forces F' (y) € o for any
k € 7Z. However, the set {]Fg;) (v), k € Z} is unbounded, which contradicts the boundedness of
the representation 7. Similar arguments show that there is no bounded representation 7w with
0 € Q01> X1 7 00rx; # 0. Inthis case Qy, 1,1 = {(¢2%™xy, ¢*®Dxy, 1), k, 1, m € Z}.
The only possibility is 0, = €0,0.1 = {(0, 0, 1)} and in this case we obtain 7 (z}) = 7(z3) = 0,
n(z%)n(z%)* = I. It follows now from (1)—(3) that n(z%), n(z%) satisfy the relations

@z (z}) = P EHrE)* + (@~ 1)
[7(z), 71 (zH] =0 (D), 7(z)] =0 (14)
1) '3 = (@) =1

This implies that n(z%) commutes with all images of the generators in the algebra under the
representation r and therefore n(z%) is a multiple of the identity operator if 7 is irreducible.
By (14) we have also n(z%) = e ], ¢, € [0, 27). Irreducible representations of the relation
(z{ *z{ = qzz}(z})* +(g™% — 1) are well known and can be easily calculated using the
method of dynamical systems (see [OS, Chapter 2]). Any such representation is either one
dimensional, &, (z}) = ¢~ '€, ¢; € [0,27), or infinite dimensional, which is unitarily
equivalent to the following one: m,(z})ex = ¢~'y/1 —q>**De;, . The corresponding
irreducible representations of Pol(Mat, ,), are &,, ,, and 7.

Since oy C (R*)? and (FS)3(x1, x2, x3) = ¢%*(x3 — 1) + 1 — —o0 as k — —o0, it
follows from (13) that ker rr(z%)* # {0}, kern(z%)n(z%)* # {0} and the corresponding orbit
contains a point (x1, x,0). We have Q,, 1,0 = {(@*(@*"(x; — 1) + 1), ¢* (g% (x — 1) +
1), l—qz"), m, 1, k € Z}. Similar arguments show that o, C €y, ,.0, Wherex; > lorx; > 1,
is impossible if the representation  is bounded. From the positiveness of o, we also obtain
that the only orbits corresponding to the irreducible representation of the x-algebra are 2 ; o,
€21.0.0- 20,10, $20.0,0 and £2¢,0,1. The last one was treated above.

We consider now the case 0; € Qy, x, x;, X3 = 0. Let Py, y € R, be the projection onto
the eigenspace corresponding to the eigenvalue y. Using (12) we get

@ =y P (@) Py = £(q — ¢~ ) P (@) ()7 (23)* Py
(‘+" fork = 1,2 and ‘— for k = 3) for z, y € R?. By (13) we have 7 (z))7 () (z3)*H, C
He,, 75" ) and

m ()7 (23) Py = PFZI(FIZ(FEU(”))W(z;)n(z%)n(z%)*Py.
Setting P, ; as the projection onto an eigenspace which corresponds to the eigenvalue
FY (FY (FS) (x1, x2, 0))) we obtain

@) Ptk = Prai®(@) Potk + Pust i1 k1)) Prtik
i.e.

@) Hpp S Hytk © Hypet 1514-1-

Moreover, Pm+1,,+1,k,1n(z%)Pm,,,k = —c]l’z"n(z%)n(zf)rr(z%)*Pm,,,k. The operator n(z{) can

be written as a sum of its diagonal part n(z})o = Zm.l,k qul,kn(z{)Pm,l,k, and the operator
=ik 4 )T (@D () Pk = —q(2) 7 (27 (29)*(1 — 7w (23(25)") "
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Now let 0 C €24, .x,.0, Where x; # 0 or x, # 0. It follows from (1)-(3) by direct
computation that

(27 (210 = ¢° 7 (2o (215
The only bounded operator n(z})o satisfying this relation is the zero operator. Therefore
7(z)) = —qu () (@) ()" (1 = 7 (23N

and m is irreducible iff so is the family (n(zé), n(zf), n(z%), rr(zé)*, n(z%)*, n(z%)*). Let
m(z8) = UY/m(z%)*m(z%) be the polar decomposition of w(z%). Using simple arguments
one can show that [U%, U] = [(U*)*, Uf1=0, (a,a) # (b, B) and

EENWUY) = WU FL (3", @D 3G,
Here (a, ), (b, B) € {(1,2), (2, 1), (2,2)}. Moreover, if 0 € Qjy,0 (07x € Q0 .1,0) WE
have U21 w 12 respectively) commutes with any operators from the family A, and therefore
with any operator of the representation. This clearly forces U21 = eI, ¢, € [0,2m)
(Ul2 = e/, ¢, € [0,27) respectively). Let o, C €,1,0. Consider e;; = (Uzl)k(Uzz)le,
e € ker n(zz)n(zg)* N ker n(z;)n(z%)*, k,l € Z*. Then {ey;, k,I € Z*} is an orthonormal
system which defines an invariant subspace. The corresponding irreducible representation is
pg- Analogously (UD)*(U3) e = ex, e € ker (22)(23)* Nker 7 (z])7 (z])*, k, [ € Z*, build
an orthonormal basis of an irreducible representation space if o, C €21 9,0; the corresponding
action is given by formulae (8). If o, C ;0 we have that l.s.{(Uzz)ke = e, k € 7},
e € ker (z3)7(23)*, is invariant with the corresponding action given by (6).

We now turn to the case o, C $20,0,0. From (1)—(3) we have

m(z)om(z]) = qr (@) (z))o n(z)en () = qr@)7(z);
m(z1)om(23) = qm(z3)7m(z1)o m(z2)§m(2y) = qm(z)m(z));
m(z})om(z3) = m(23)7 (2))o m(z))im(23) = m(23)7(z1);

(@) @DoPuik = ¢* (@) @) Pusk + (1 — gD ™ Py .

Note that n(Z})OPm’lka C PuixH, n(Z})SPm’]’kH C Pn..xH. Moreover, it follows from
the above relation that if & is irreducible then the family (n(z})o, n(z})g) restricted to the
subspace P, ;  H is irreducible for any m, [, k € Z*. We have

a*a = q*aa* + (1 — g%

where a = n(z})o Poo.0. Any irreducible family (a, a*) is either one dimensional and given
by a = €', ¢ € [0, 27), or infinite dimensional defined on I,(Z*) by ae; = /1 — g>¢*Deg,;.
These representations give rise to irreducible representations of the *-algebra Pol(Mat, ,),.
Namely, in the first case we have that e, ;, = (U})"(U)! (U5)*e, where e € PyooH =
ker 7 (22)7(23)* N ker w(zH)m (z2)* Nker w(z})m(z))*, m, 1, k € Z*, define an orthonormal
basis of the space where the irreducible representation g, acts, and for the second irreducible
family we have that e, ,,;x = (Uzl)’”(Ulz)’(Uzz)keS, s,m,l, k € Z*, define an orthonormal
basis of the space where the irreducible representation p acts. This completes the proof. [

Comments. It follows from the proof that for any representation 7 on a Hilbert space H, the
family of self-adjoint operators 7 (z3(23)*), 7(z4(z))*), 7 (27 (z])*), w(z})o7 (z])§, where

m(z})o = m(z}) — {O m(23(z)) =1
po = —gqr () ()7 (23)* (1 — 7(23(25)*) " (32N £ 1
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generates a commutative *-subalgebra A in B(H,), the bounded linear operators on H.
Moreover, any irreducible representation of Pol(Mat, ,), is a weight representation with
respect to this algebra, i.e. A can be diagonalized, and the spectrum of A is simple.

A question which arises here is how to generalize the method to higher-dimension matrix
balls and classify *-representations of the corresponding *-algebras. In principle, just by
analysing the commutation relations between the generators in the x-algebra one can find
a commutative *-subalgebra of Pol(Mat,, ,), or one of its localizations and show that any
irreducible representation m is a weight representation with respect to this commutative -
algebra having a simple spectrum in this representation. However, the computations can be
extremely difficult in general.

Remark 1. The polynomial algebra on the vector space Mat; , can be supplied with a Poisson
structure. Writing ¢ = e~ we have that Pol(Mat; 5)exp (-1 18 an associative algebra over the
ring of formal series C[[A]] and

Pol(Mat, ;) >~ Pol(Mat; 5)exp (—)/ APOl(Maty 5)exp (—1) -
The Poisson bracket is now given by
{a mod h, b mod h} = —ih~"(ab — ba) mod h

for any a, b € Pol(Mat; 5)exp(—n)- The problem now is to define the symplectic leaves of
this Poisson structure. Any primitive ideal ker r, where 7 is an irreducible representation of
Pol(Mat, ,),, defines a maximal Poisson ideal I, = kerw mod & of the algebra Pol(Mat; »)
ordered by inclusion and hence the closure of a symplectic leaf which is given by {x €
Maty, | f(x) =0, f € I;}. Asin the case of C(SU(n)), (see [SoV]) one can expect that
there is a one-to-one correspondence between irreducible representations (bounded irreducible
representations) of Pol(Mat, ,), and symplectic leaves (bounded symplectic leaves) in Mat; ,.

3. Representations of Pol(Mat, ,), and the Shilov boundary of the matrix ball

It is known that the Shilov boundary S(U) of the matrix ball U = {z € Mat,, ,, | z*z < 1}
is the set of all unitary m x m matrices. A g-analogue Pol(S(U)), of the polynomial
algebra on the Shilov boundary of U was introduced in [V] and shown to be isomorphic
to C(Uy,)q = (C(Gl,)q, %), the algebra of regular functions on the quantum group U, (see,
e.g., [ChP]). We recall that C(Gl,), is the localization of the algebra C(Mat, ,), with respect
to the multiplicative system (det, z), where det,, z is the quantum determinant z}z5 — gz3z3.
For m = 2 the x-algebra Pol(S(U)), is equal to (C(Gl»),, *), where the involution * is as

follows
1y 1y -2,2 —-1,2
(G &) -ed-ade (47 74T)

We define  : Pol(Mat, 5) = Pol(S(U)), by setting ¥(z5) = z§. By [V][theorem 2.2],
Y can be uniquely extended to a x-homomorphism of these x-algebras. Therefore, v is
considered as a g-analogue of the restriction operator of polynomials to the Shilov boundary.
The isomorphism Pol(S(U)), ~ C(U), is given by t : z& — q“’zzg, a,a =1,2. Itisclear
that any representation v of C(U,), generates a representation 7' = 7 o 7 o ¥ of the algebra

Pol(Mat;, ,),. We have the following proposition.

Proposition 1. The only irreducible representations of Pol(Mat, ,), which are induced by a
representation of C(U,)g are &,, o, and py, o, for any @1, @2 € [0, 27).

Proof. Follows by direct verification. ]
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